In this paper, we show that the polarization entangled photon pairs can be generated using spontaneous parametric down conversion in a dual periodically poled planar waveguide. The proposed configuration is shown to have efficiencies higher than in the case of bulk crystals with the possibility of ease of collection like in channel waveguides with the additional feature of wavelength tunability. We also show that the planar waveguide configuration permits the generation of hyper entanglement in polarization and path degree of freedom which is not possible in case of channel waveguide. The proposed design should find applications in quantum information processing using integrated quantum optics.
I. INTRODUCTION
Spontaneous parametric down conversion (SPDC) is one of the most extensively used processes for the generation of entangled photon pairs. Generation of entangled photon pairs have been extensively studied both in bulk crystals [1, 2] and channel waveguides [3] [4] [5] [6] . Entangled photon pairs generated through SPDC process in bulk nonlinear optic crystals suffer from a number of problems such as low efficiency, design complication, low interaction length, and are hard to implement for practical applications. In order to overcome these problems SPDC process has been implemented in nonlinear channel waveguides which have higher down conversion efficiencies in comparison to a bulk crystal [3] [4] [5] [6] . At the same time, the flexibility in terms of variation in pump frequency or tunability in the generation of entangled pairs is not possible in channel waveguides.
In this aspect, planar waveguides which have confinement only along one direction can offer us better efficiency compared to bulk while at the same time providing us with a possibility of frequency tunability of the SPDC pairs by appropriately tuning the pump wavelength and ease of collection of the generated photon pairs.
In this paper we present the design and analysis of the generation of polarization entangled photon pairs in planar waveguides and show the advantages of this vis a vis bulk and channel waveguide geometries. Numerical simulation for optimization of the entangled photon pair generation process and tunability of the generated photon pairs is carried out using planar waveguides in KTP.
II. PRINCIPLE
We consider SPDC in a planar waveguide in a z-cut, x-propagating potassium titanyl phosphate (KTP) substrate. In order to simultaneously realize two type-II SPDC processes we assume that the substrate has two * divyabharadwaj4@gmail.com; periodical poling at two different slant angles [7, 8] as shown in Fig. 1 . With appropriate poling periods it is possible to achieve simultaneously the following two down conversion processes from a horizontally polarized pump photon into a pair of signal and idler photons with the same frequencies ω s and ω i :
:
We will refer to H p0(s0,i0) and V p0(s0,i0) as horizontal and vertical polarization states of pump (signal, idler) in the fundamental (0) mode respectively, with dominant components of the electric field oriented respectively along the plane of the waveguide and perpendicular to the plane of the waveguide. The vector diagrams showing the phase matching conditions for the two SPDC processes is shown in Fig. 2 . The figure shows the possibility of achieving pairs of horizontal and vertical polarized signal and idler pairs along the two chosen pairs of directions. In such a case the output is expected to be a polarization arXiv:1604.07191v3 [quant-ph] 3 Jan 2017 entangled state given by (see Sec. III):
where f HV and f V H are coefficients defined in Eqs. (10b).
The phase mismatches of the two QPM conditions corresponding to the two processes are given as:
Here,
where it is assumed that the signal and idler pairs corresponding to the two orthogonal polarizations appear along the same angle as shown in Fig. 2 . As shown in Fig. 2 , k pH is the horizontally polarized pump wave vector along the x -axis; k sH(V ) and k iH(V ) are the wave vectors corresponding to the horizontally (vertically) polarized signal and idler modes making angles θ s (emission angle of signal) and θ i (emission angle of idler) respectively with x -axis; − → K 1 and K 2 are the grating vectors making angles θ g1 and θ g2 with x-axis respectively. In Eq. (2c), β αm = 2π nαm λα is the propagation constant, where α = p, s, i for pump, signal and idler respectively; m = H, V for the horizontal and vertical polarization respectively; λ p(s,i) is the pump (signal, idler) wavelength and n αm is the effective indices at different frequencies and polarization.
The phase mismatches corresponding to the x and ycomponents for the two processes are given by:
In order that the output state defined by Eq. (1) is a polarization entangled state, the signal and idler pairs in the two processes have to appear at the same pair of angles i.e. direction of emission of horizontally and vertically polarized signal (or idler) must be same (see Fig. 1 ). With a proper design of waveguide geometry and QPM slant gratings the coefficients f HV and f V H can be made equal, thus providing the possibility of producing maximally entangled state with maximum efficiency in a planar waveguide.
We will show in Sec. IV that down conversion process implemented in planar waveguide has higher efficiency and enhanced pair rate in comparison to bulk nonlinear crystal. We will also show that by an appropriate choice of the angle made by the grating vectors, it is possible to satisfy the quasi phase matching conditions corresponding to both components and thus achieve high efficiency SPDC into planar waveguide modes of the waveguide. In addition, we will show that by changing the pump wavelength, it is possible to generate different frequency pairs of entangled photons which will exit at different angles (θ s , θ i ) thus providing us the tunability of the SPDC process.
III. ANALYSIS
In this section we will provide a description of SPDC process in a periodically poled single moded planar waveguide at signal and idler wavelength for generation of polarization entangled photon pairs.
We consider a pump to have a Gaussian transverse profile of beam waist W p along the y-direction and traveling along the x-direction in a dual periodically poled planar waveguide with the optic axis along z-axis (Fig. 1) . We assume the pump to be described by a classical field as it is assumed to be strong. Thus the electric field at pump is given by:
Here, u p (x, y, z) represents the spatial distribution of pump described as:
and, A p0 is the amplitude of pump given as:
where, P p is the pump power, 0 is the free space permittivity and c is the speed of light in vacuum.
The quantized electric fields at signal and idler corresponding to different polarization are represented by the following equations:
Since we are considering the single moded planar waveguide at signal and idler wavelength, thus, l = 0 and hence by putting k (0) 
We have abbreviated r = (x, y, z) and r t = (x, y) for denoting the three and two dimensional position vectors respectively. The interaction Hamiltonian is given by [9] [10] [11] 
where, h.c. represents Hermitian conjugate, d is the nonlinear coefficient and L is the length of crystal along the propagation axisx. Here, spatial dependence of d is included to take into account the peridoic poling of crystal. Substituting Eqs. (4b) and (5c) in Eq. (6a), we get the following expression for the interaction Hamiltonian:
Here, d ef f is the effective nonlinear coefficent and φ mn ( k sm , k in ) is the phase matching function given as:
where,
is the overlap integral between the fundamental modes of pump, signal and idler for m, n = H, V and m = n, and is described by:
Now, in accordance with the interaction picture, the overall output state is given as:
The |0 s , 0 i state correspond to vacuum state i.e. no signal and idler photon. Now, replacing
and assuming pump to be monochromatic with a single frequency, ω p = ω s + ω i , we get the overall normalized two photon entangled state (neglecting the vacuum state) as:
The wave function given by Eq. (9a) describes the general two -photon SPDC state i.e. entire field emerging from planar waveguide into free space. However, in order to obtain the entangled photon state along the two chosen pair of angles θ s and θ i in the x-y plane, the output state is coupled into channel waveguide and thus, the coefficient C mn is integrated within a range of θ s(i) ± δθ ; where, δθ is determined by width of the channel waveguide positioned at an angle θ s(i) . Thus the two photon entangled state along an angle is given as:
The concurrence E, an entanglement monotone, can be calculated as [12] [13] [14] :
The output state will be maximally (polarization) entangled state for E = 1 i.e.|f HV (ω s )| = |f V H (ω s )|; ∀ ω s or using a narrow -band wavelength filter to limit the range of ω s and will be generated with maximum efficiency for ∆k Next, we derive an expression for the power of signal generated in planar waveguide through type -II SPDC process and for this, we will follow the same approach as mentioned in Ref. [10, 15] . We first calculate the transition rate using the Fermis Golden Rule. To calculate the transition rate, we need to find the density of states.
The number of H(V ) -polarized signal and
Therefore, the density of states in planar waveguide is given as:
Thus, the transition rate for the j = 1 and 2 processes is:
iV (H) |0 s , 0 i state corresponds to final state having one signal and one idler photon corresponding to the fundamental spatial modes in horizontal (vertical) and vertical (horizontal) polarization respectively.
The down converted signal power in a frequency interval, dω s or wavelength interval, dλ s is, dP s =hω s T . Thus, we get the following expression for signal power for m, n = H, V and m = n:
The radiated signal power in bulk, dP (B) s is given as [9] :
∆K xj , ∆K yj and ∆K zj is the phase mismatch along the x, y and z directions respectively for j = 1 and 2 processes in bulk . In order to make coefficients f HV and f V H to be equal, periodic poling of substrate is needed. For generation of polarization entangled photon pairs through type-II collinear (< 1
• ) and non-degenerate SPDC process we require two linear QPM gratings to satisfy the two longitudinal phase matching conditions only but for non collinear emission (> 1
• ) of polarization entangled photon pairs, either two slanted periodical poling of substrate or one slanted periodical poling of substrate in addition to one linear QPM grating is needed to satisfy all the four QPM conditions simultaneously. Also, the transverse phase matching condition dictates that if the emission angle of signal is in first quadrant then idler emission angles must be in fourth quadrant and vice versa. It may also be worth mentioning here that if the two slant grating are used then they must be aligned in two opposite directions with respect to propagation axisx in order to satisfy the two transverse phase matching conditions simultaneously for non collinear emission.
In planar waveguide, an angular degree of freedom is available with respect to the phase matching conditions of the two processes (see Eqs. (3a) -(3d)), so that tuning of the pump wavelength leads to the generation of maximally entangled photon pairs having specific combinations of signal and idler wavelengths emitted along a particular pair of emission angles. In contrast, channel waveguides in nonlinear materials can confine light in both transverse directions, implying a restriction to only one translation degree of freedom, i.e. the propagation direction of the interacting photons, so no angular degree of freedom is available and thus tunability of generated photon pairs is not possible.
In addition, in the case of planar waveguides signal and idler photons are physically separated and so there is no need of any device to separate them unlike in the case of channel waveguide.
IV. NUMERICAL SIMULATIONS
In order to validate our analysis, we present numerical results for an ion exchanged potassium titanyl phosphate (KTP) [16, 17] with a step index refractive profile. For the numerical simulations, the values of the KTP substrate refractive indices (n s ) for different wavelengths and different polarizations were calculated using Sellmeier equations given in [18] and the refractive index difference (∆n) for a waveguide is taken to be 0.02 [16] .
We have carried out the modal analysis [19] for planar waveguide of depth, d (Fig. 3) to calculate the eigenmodes and thus, obtained the propagation constant of Hpolarized and V -polarized fundamental mode at pump, signal and idler wavelength by solving eigenvalue equation of TE mode and TM mode respectively.
Using the modal field distributions of the H-and Vpolarized fundamental mode of pump, signal and idler so evaluated from modal analysis of planar waveguide, we have calculated the overlap integrals defined by Eq. (7b) and it is found that the overlap integrals for both the processes are almost equal.
We first demonstrate that the production rate of the down converted photon pairs generated through SPDC process in a periodically poled KTP (PPKTP) planar waveguide is more than in periodically poled bulk KTP nonlinear crystal. For this, we consider a type-II collinear and non-degenerate SPDC process assuming a 405 nm pump beam of W p = 100 µm beam waist with a pump power of 1 mW in a PPKTP of length, L = 10 mm. The variation of signal power density with signal wavelength is shown in Fig. 4(a) for periodically poled planar waveguide of grating period, Λ = 9.0 µm. Fig. 4(b) shows the power density in case of periodically poled bulk substrate with QPM grating period, Λ = 10.06 µm (this period is different from the waveguide case as in this case the effective index is just the bulk index of the substrate).
It can be seen from Figs. 4(a) and 4(b) that signal power density in the planar waveguide is larger by a factor of about 10 compared to that in bulk which in turn leads to higher rate of generation of SPDC pairs in planar waveguide in comparison to bulk.
Next, we compare the signal power density vs emission angles for both planar waveguide and bulk crystals for a collinear phase matching at a pump and signal wavelength of 405 nm and 807 nm respectively. From Figs. 5(a) and 5(b) , we can see that the signal power density for planar waveguide is much larger (∼300 times) than that of bulk. Now, we show the generation of polarization entangled photon pairs through type II non collinear and nondegenerate SPDC process in KTP having one linear grating and one slant periodic domain reversal grating. We calculate the photon flux in an angular region of ±0.034
• (corresponding to 6 µm wide channel waveguide) along an appropriate pairs of signal and idler emission angles.
Simulations have been carried out for generation of maximally entangled photon pairs for a pump wavelength of 405 nm, pump beam waist, W p = 100 µm , signal emission angle, θ s = 2.5
• and waveguide parameters as: waveguide length = 10 mm; depth =2.0 µm. We opti- • so that the QPM conditions for both the processes can be simultaneously satisfied and the polarization entangled photon pairs appear with maximum probability along the pair of angles (θ s , θ i ) = (2.5
• , −2.4
• ) corresponding to the pair of wavelengths (λ s , λ i ) = (807 nm, 813.02 nm)(see Fig. 6(a) ). It can be seen from Fig. 6(a) that the two processes have overlapping spectra with identical bandwidths of 1.3 nm. Thus, |f HV (ω s )| = |f V H (ω s )| over an entire region of spectral overlap and this leads to maximally entangled state with a concurrence, E=1.
In context to the tunability of generated photon pairs in planar waveguide, we study generation of entangled photon pairs at different wavelengths along different pairs of angles using different pump wavelengths but with same gratings. Figure 6(b) shows the normalized output spectra at the signal wavelength corresponding to both of the SPDC processes for pump wavelength of 406 nm. It can be seen that by changing the pump wavelength to 406 nm entangled photon pairs can be generated with maximum efficiency for the wavelength pair of (λ s , λ i ) = (808.92 nm, 815.01 nm) at a different angle pair of (θ s , θ i ) = (2.94
• , −2.84 • ). Thus by using a narrow band wavelength filter at the signal wavelength of 808.92 nm, we can obtain entangled photon pairs at the output with E≈0.96 for a filter bandwidth of 0.1 nm. It is worth noting here that even by changing the pump wavelength by 1 nm maximally polarization entangled state can still be It may be worth mentioning here that the entangled photons pairs can also be generated for higher emission angles with larger tunability of generated photon pairs by changing the grating periods but at a cost of efficiency of generated photon pairs. Now, in order to demonstrate the feature of tunability we plot the concurrence as a function of signal emission angles with idler emission angles, θ i = −(θ s − 0.1) for three different pump wavelengths(see Fig. 7 ). It can be clearly seen from Fig. 7 that the photons are maximally entangled for different pump wavelength at different emissions angles exhibiting the tunability of the design.
It is worth to emphasize here that in the case of channel waveguides, in view of the phase matching condition any change in pump wavelength by as much as 0.1 nm leads to reduction in SPDC process and does not lead to generation of maximally entangled photon pairs. Figure 8 shows a possible implementation of the proposal in integrated optic form. At the end of the planar waveguide section channel waveguides can be positioned at appropriate angles as per the design to which the generated photon pairs can get coupled (much like in the case of arrayed waveguide gratings used in optical fiber communication [20] ). The output of the channel waveguides can be coupled to optical fibers for further processing. Depending on the pump wavelength different wavelength pairs of entangled signal and idler wavelengths will exit from different pairs of channel waveguides.
In addition to this, planar waveguide configuration with appropriate QPM gratings can also lead to generation of hyper entangled state which are simultaneously entangled in polarization as well as in path degree of freedom. Such a state is defined as:
(15) Here, s and i correspond to signal and idler and the subscripts I and II corresponds to the path I and path II making an angle θ s and θ i with the pump beam direction respectively.
As an example, we demonstrate here the generation of hyper -entangled photon pairs at 807 nm and 813.02 nm from a pump beam of wavelength 405 nm excited in a fun- For gratings of periods 9.0 µm and 9.08 µm having periodical poling parallel to propagation direction, we show the variation of the normalized output spectra as a function of emission angle. It can be inferred from Fig. 9 that polarization entangled photon pairs can be simultaneously generated over a range of angles of −0.4 • to 0.4
• and can be generated with maximum efficiency at the pairs of emission angles 0.1
• and −0.1 • corresponding to path I and path II respectively where the two curve intersect as shown by the dotted vertical lines in Fig. 9 . The state of the photon pairs generated in the pairs of paths is given by Eq. (15).
V. CONCLUSION
We have shown that planar waveguides provide us an optimized configuration for generation of polarization entangled photon pairs using SPDC with efficiencies higher than for bulk with the possibility of ease of collection like in channel waveguides with the additional feature of tunability. Such a design should find applications in integrated quantum optics. We have also shown that the planar waveguide configuration with appropriate QPM gratings can also lead to generation of hyper entangled state unlike in case of channel waveguide.
